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Full-Blooded Reference†

Gabriel Rabin∗

In ‘Just what is full-blooded platonism?’ Greg Restall outlines several
objections to Mark Balaguer’s theory of full-blooded platonism. I reply
to these objections by explicating the semantic framework for the
reference of mathematical terms that full-blooded platonism requires.
Expanding upon these replies, I then explain how the full-blooded
platonist, in light of the explicated semantic framework, should treat
mathematical terms and statements in order to avoid certain pitfalls.

1. Objection

Mark Balaguer’s Platonism and Anti-Platonism in Mathematics presents
a realist view about mathematical objects called ‘full-blooded platonism’
(hence: FBP). Balaguer’s thesis is simple: any consistent mathematical
theory truly describes some part of the mathematical realm. We can also
express this thesis by the catchier slogan ‘any mathematical object that
could exist does’. For the most part, Balaguer refrains from presenting
a full formalization of FBP, although he does present a few formulas
designed to characterize his view. Greg Restall, in his paper ‘Just what
is full-blooded platonism?’, presents several objections to Balaguer’s
attempt at formalization, claiming that Balaguer’s formulas, and possible
revisions thereof, are either too weak or too strong.

My goals in this paper are two-fold. First, I wish to reply to one
of Restall’s objections. In order to do so I must explain a semantic
framework for dealing with referential phenomena to which the full-
blooded platonist is committed. My second goal will be to explain
this framework and discuss the wider implications of the referential
phenomena the framework is designed to handle.

I will argue that Restall’s first objection is mistaken because he fails
to account for an important fact about the interaction between FBP and
the reference of mathematical terms. I will deal directly with only one
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358 RABIN

of Restall’s objections, but some of his other objections go awry for the
same reason as my target does.1

Balaguer presents the following formula as a tentative formalization
of his theory.

(∀Y )[♦(∃x)(Mx & Yx) → (∃x)(Mx & Yx)], (1)

where ‘Mx’ expresses the fact that x is a mathematical object. Restall
presents a clever argument against this formula, relying on the fact that
Y ranges over all properties. To sidestep this difficulty, Restall modifies
the formula to require explicitly that Y be a mathematical property.2 The
revised formalization is:

(∀Y )[(Math(Y ) & ♦(∃x)(Mx & Yx)) → (∃x)(Mx & Yx)]. (2)

Restall [2003, p. 85] takes it ‘as unproblematic that x = 2 & xℵ0 = ℵ1
and x = 2 & xℵ0 �= ℵ1 are both mathematical predicates (taken as
ascribing a property to x).’ I concur. Further, it is logically possible
that 2 is a mathematical object and that the continuum hypothesis is
true; and it is logically possible that the continuum hypothesis is false.3

We can represent these facts in the following two formulas:

♦(∃x)(Mx & x = 2 & xℵ0 = ℵ1), (3)

♦(∃x)(Mx & x = 2 & xℵ0 �= ℵ1). (4)

From these two formulas and (2) it follows that:

(∃x)(Mx & x = 2 & xℵ0 = ℵ1), (5)

(∃x)(Mx & x = 2 & xℵ0 �= ℵ1). (6)

By existential instantiation and Leibniz’s Law we arrive at:

2ℵ0 = ℵ1 & 2ℵ0 �= ℵ1. (C)

But (C) expresses a contradiction. Thus, it seems that Balaguer’s
formalization of FBP is inconsistent. That would not be good news for
FBP, if the logic used to derive the contradiction were valid. Fortunately
for FBP, it is not. The mistake is Restall’s, not Balaguer’s.

1 The objection described in the last two paragraphs of ‘Just what is full-blooded
platonism?’ can be given a reply analogous to the reply I give here. See footnote 13.

2 It is unclear whether Balaguer intended Y to range over all properties or over just
mathematical properties. If the latter, then Restall’s ‘clever argument’ misfires. In any
case, the formalization of FBP that I wish to deal with is represented by (2), and we
shall proceed with it. At the least, Balaguer is guilty of being unclear, though perhaps
not of presenting an easily refutable formalization of this theory.

3 I assume that the continuum hypothesis is in fact an open question.
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FULL-BLOODED REFERENCE 359

2. Reply

It is logically possible that the continuum hypothesis is false, and it is
logically possible that it is true. There are parts of the mathematical realm
of which the continuum hypothesis is true, and parts of which it is false.
But there are no parts of the mathematical realm where the continuum
hypothesis is both true and false—there are no consistent mathematical
theories that claim that. In the parts of the mathematical realm where the
continuum hypothesis is true, there is a second transfinite cardinal, called
‘ℵ1’. It will be true of this cardinal that 2ℵ0 = ℵ1. In the parts of the
mathematical realm where the continuum hypothesis is false, there is also
a second transfinite cardinal. It will be true of this cardinal, also called
‘ℵ1’, that 2ℵ0 �= ℵ1. However, there is no transfinite cardinal c such that
2ℵ0 = c and 2ℵ0 �= c. The term ‘ℵ1’ refers to one transfinite cardinal,
2ℵ0 (the cardinality of the real numbers) in the parts of the mathematical
realm where the continuum hypothesis is true and to another transfinite
cardinal in the parts where the continuum hypothesis is false. As a result,
Restall’s formula (C) represents no contradiction at all, because the two
occurrences of ‘ℵ1’ refer to different entities.

Balaguer replies to an objection very similar to Restall’s on pages
58–59 of his book. The objection to which he replies is that FBP
allegedly entails the contradiction that the axiom of choice both is and
is not true. The problem arises because both ZFC (Zermelo-Fraenkel set
theory with the axiom of choice) and ZF+∼C (Zermelo-Fraenkel set
theory with the negation of the axiom of choice) are consistent, and FBP
implies that both theories truly describe part of the mathematical realm.
But obviously, the axiom of choice cannot be both true and not true.
Balaguer replies as follows.

This is not a genuine contradiction. According to FBP, both
ZFC and ZF+∼C truly describe parts of the mathematical
realm, but there is nothing wrong with this, because they
describe different parts of that realm. In other words, they
describe different kinds of sets, or different universes of sets.
Thus, while it does follow from FBP that both C and not-
C truly describe parts of the mathematical realm, we can
obtain this result only by interpreting C in two different
ways in the two different cases, that is, by assigning different
sorts of entities to the expressions of C in the two different
cases. Therefore, insofar as ‘C and not-C’ truly describes the
mathematical realm, it is no more a genuine contradiction
than is the sentence ‘Aristotle married Jackie Kennedy and
Aristotle did not marry Jackie Kennedy’. [Balaguer, 1998,
p. 58].
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In the final sentence of the quotation, ‘Aristotle’ refers to the shipping
magnate in the first instance and to the philosopher in the second. Because
‘Aristotle’ changes reference within the sentence, the contradiction is
avoided. It does not follow from FBP that there is some infinite collection
of sets of which the choice axiom both holds and does not hold. There
are sets of which the choice axiom holds (those sets described by ZFC),
and there are sets of which it does not hold (those sets described by
ZF+∼C)—but these are not the same sets, and they do not occupy the
same parts of the mathematical realm.

Restall’s objection is completely analogous to the objection consid-
ered above. There are cardinals referred to by ‘ℵ1’ that make ‘2ℵ0 = ℵ1’
true, and there are cardinals referred to by ‘ℵ1’ that make ‘2ℵ0 �= ℵ1’
true. But there is no cardinal that makes both of these statements true.
Balaguer makes remarks that address Restall’s objection nearly directly.
He writes:

We might express the idea that ZFC and ZF+∼C describe
different universes of sets by saying that ZFC describes
universes of setsC, whereas ZF+∼C describes universes of
sets∼C. Now, it is important to note that according to FBP-ists,
ZFC does not describe a unique universe of setsC; it describes
many different universes of setsC. It describes some universes
in which the continuum hypothesis (CH) is true and others in
which it is not true. This is simply because ZFC + CH and
ZFC+∼CH are both consistent and, hence, both truly describe
parts of the mathematical realm. [Balaguer, 1998, p. 59]

ZFC itself does not describe unique collections of sets. It describes
some collections of sets of which CH is true, and some collections of
which CH is false.4 But it certainly does not describe any collections of
which CH is both true and false. One of the sets that ZFC describes is the
set {{ Ø }}. But ZFC does not uniquely refer to the set {{ Ø }}. Rather,
the reference of ‘{{ Ø }}’, in ZFC, is indeterminate between those sets
of which CH is true, and those of which it is false. But in either case,
‘{{ Ø }}’ does not refer to a set of which both CH and ∼CH are true.
In the same vein, ZFC’s term ‘ℵ1’ refers to some cardinals of which
CH is true and others of which it is false. Specifically, if ‘ℵ1’ refers to
the same cardinal as ‘2ℵ0’, then ‘ℵ1’ refers to a cardinal of which CH
is true. Or, to express matters in Balaguerian terms, if ‘ℵ1’ and ‘2ℵ0’
co-refer, then ‘ℵ1’ refers to a cardinal inhabiting a ‘universe’ of sets
of which both the axiom of choice and the continuum hypothesis are

4 CH (or ∼CH) is true of a set (or cardinal) iff the set (or cardinal) inhabits a ‘set
universe’, in Balaguerian terms, where CH (or ∼CH) is true. Define false of similarly.
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true—a universe of setsC,CH. In fact, there are many more possibilities
here. By the consistency of CH, it is possible that ‘ℵ1’ refers to the same
entity as ‘2ℵ0’. But ∼CH is also consistent, and so there are parts of
the mathematical realm where ‘ℵ1’ refers to some other cardinal. Which
cardinal does ‘ℵ1’ refer to? There are many possibilities, and each one
of these will correspond to a different universe of setsC.

3. Rephrase

We have realized by now that there are many sets inhabiting the
mathematical realm, and also many cardinals. Two (or more) cardinals
can be distinct from each another despite both being referred to by ‘ℵ1’.
The reference of ‘ℵ1’ is indeterminate between these many cardinals. We
can utilize a notion of precisification to understand how the reference of
‘ℵ1’ functions. A term T , which has indeterminate reference, can be
precisified in a given context by selecting one of its eligible referents as
the unique referent for that context. A precisification of T is a unique
reference assignment to T . If T is used in a sentence S, S is super-true
iff S is true under all eligible precisifications of T . S is super-false iff
S is false under all eligible precisifications of T .5 For example, ‘ℵ1 is
a cardinal’ is super-true, while ‘ℵ1 < ℵ0’ is super-false. If a sentence is
neither super-true nor super-false, it is gappy. For sentences involving
terms with indeterminate reference, truth is super-truth, falsity is super-
falsity, and gappy provides a third truth value. Typically, rather than
accept that a sentence is neither true nor false, i.e., gappy, one interprets
the sentence’s terms so that the sentence comes out either super-true
(true) or super-false (false). For example, rather than maintain that ‘Huck
pulled the raft up on the bank’ has a gappy truth value, we interpret
charitably and assume that ‘bank’ is to be precisified as ‘side of a river’,
rather than as ‘financial institution’.6,7

Restall’s error lies in ignoring the fact that full-blooded platonism
implies an indeterminacy in the reference of mathematical terms. In his
objection, Restall assumes that ‘ℵ1’ uniquely refers, when in fact there
are many different cardinals being referred to, some of which make the
continuum hypothesis true, others which make it false. Restall’s formula

5 I assume that T is the only precisifiable term in S. How to extend the definitions to
sentences with multiple precisifiable terms should be obvious.

6 If the reader desires an example involving a singular term, like ‘ℵ1’, he or she
should be able to model one on the earlier example involving ‘Aristotle’.

7 ‘Bank’ may be a misleading example. ‘bank’ is ambiguous, and one might argue that
‘ℵ1’ has indeterminate reference without being ambiguous. The purpose of the example
is to introduce the practice of using supervaluations to interpret charitably, because that
is exactly what we will do to Restall’s formulas.
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(3), ♦(∃x)(Mx & x = 2 & xℵ0 = ℵ1), is not true under all reference
assignments to ‘ℵ1’. A reference assignment under which ‘ℵ1’ refers
to a cardinal that is not equal to 2ℵ0 makes (3) false. Since such a
reference assignment is an eligible precisification, (3) is not super-true,
and therefore not true.8

Let us introduce some terminology for distinguishing between pos-
sible referents of ‘ℵ1’. There are two groups of referents we want to
distinguish: those that make the continuum hypothesis true, and those
that make it false. Let ‘ℵ1CH’ refer to cardinals of the first group, and
‘ℵ1∼CH’ refer to cardinals of the second group.9

Here we stop to consider a worry. Formula (3), whose (super-)truth
has just been denied, was motivated by the thought that ‘(Mx & x =
2 & xℵ0 = ℵ1)’ represented a mathematical property, which some
mathematical object might have. Does denying the truth of (3) commit
one to denying either that ‘(Mx & x = 2 & xℵ0 = ℵ1)’ denotes a genuine
mathematical property or that some object might have this property?
If the FBPist must deny that this seemingly paradigm example of a
mathematical property is such a property, or deny that an object can
possibly have this property, is he not in trouble? The solution to this
difficulty is that ‘(Mx & x = 2 & xℵ0 = ℵ1)’ is a mathematical predicate,
but it does not uniquely denote a mathematical property. There are two
candidate properties to which it might refer:10

(P1) (Mx & x = 2 & xℵ0 = ℵ1CH),

and

(P2) (Mx & x = 2 & xℵ0 = ℵ1∼CH).

8 Balaguer allows that (3) might turn out to be super-true. According to FBP,
the eligible referents of ‘ℵ1’ are not exactly the ℵ1s of the consistent mathematical
theories. They are the ℵ1s of the consistent mathematical theories that agree with all of
mathematicians’ intentions about sets. Balaguer allows that mathematicians might have
some intentions (currently undiscovered) that make the eligible referents of ‘ℵ1’ only
cardinals of which CH is true. If so, (3) will be super-true. Without any harm to the
dialectic, I hereby assume that there are no such undiscovered intentions. Cf. [Balaguer,
1998, ch. 4] for more on this topic.

9 Here I leave open the possibility that there are multiple universes of mathematical
entities that make CH true (or ∼CH). Each of these universes might have its own ℵ1. If
so, the reference of ‘ℵ1CH’ will remain indeterminate. This indeterminacy is unimportant
here, because all such referents of ‘ℵ1CH’ make the relevant sentences, like (3), true.
When resolving indeterminate reference, it is sometimes neither necessary nor useful to
precisify fully and achieve unique reference. A partially precisified ‘ℵ1’ can say more than
a fully precisified counterpart. If one likes, one can assume that ‘ℵ1CH’ uniquely refers to
any cardinal one likes, provided that this cardinal makes the continuum hypothesis true.

10 In fact, there are many more than two candidate properties, but they can be divided
into two significant classes. Consult the previous footnote.
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There are two eligible precisifications of the predicate ‘(Mx & x =
2 & xℵ0 = ℵ1)’ (hence: ‘P’). (There are similarly two precisifications
of the predicate ‘(Mx & x = 2 & xℵ0 �= ℵ1)’, which appears in (4)).
Under one precisification, the predicate P denotes P1; under another
precisification, P denotes P2. P1 is a property that some mathematical
object has. No object has P2. Under either precisification, P denotes
a mathematical property. However, only under the first precisification,
according to which P denotes P1, does P denote a property that some
mathematical object possibly has. For each eligible precisification of
P, there is an eligible precisification of formula (3). (3) expresses the
possibility that some property is instantiated. If the property mentioned
in (3) is P2, then (3) is false. If the property mentioned in (3) is P1, then
(3) is true. As it stands, (3) is neither true nor false. Parallel remarks
apply to formula (4), ♦(∃x)(Mx & x = 2 & xℵ0 �= ℵ1).

Since Restall’s formulas (3) and (4) are neither true nor false, they
cannot be used in a proof. In order to carry forward the derivation, we
must first precisify formulas (3) and (4). Rather than precisify in a way
that makes the formulas false, we will interpret to make them super-
true. We do this by precisifying ‘(Mx & x = 2 & xℵ0 = ℵ1)’, in (3), as
denoting P1. We adopt a corresponding appropriate interpretation of (4).
Reinterpretations of Restall’s (3) and (4) appear as (7) and (8). (7) and
(8) are super-true, thus true.

♦(∃x)(Mx & x = 2 & xℵ0 = ℵ1CH), (7)

♦(∃x)(Mx & x = 2 & xℵ0 �= ℵ1∼CH). (8)

By (2), these two formulas imply that:

(∃x)(Mx & x = 2 & xℵ0 = ℵ1CH), (9)

(∃x)(Mx & x = 2 & xℵ0 �= ℵ1∼CH). (10)

By existential instantiation and Leibniz’s Law we get:

2ℵ0 = ℵ1CH & 2ℵ0 �= ℵ1∼CH. (C′)

But notice that this formula is far different from Restall’s formula (C),
2ℵ0 = ℵ1 & 2ℵ0 �= ℵ1. Importantly, there is no contradiction in (C′),
as there is in (C). The response I have given here falls directly out
of Balaguer’s book. Balaguer himself never utilizes the framework of
precisifications, and precisifications are not the only way to cope with
indeterminate reference. The important lesson is that once we recognize
and compensate for the indeterminacy of reference implied by FBP,
the apparent contradictions that Restall brings up disappear. Hopefully,
by quoting passages in which Balaguer outlines ideas close to those
I have presented, I have made a sufficient case for the claim that
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the views I have presented about the reference of mathematical terms
are Balaguer’s, rather than some ad hoc solution or overly charitable
interpretation of FBP.11 Formula (C′) is an expected consequence of any
good formalization of FBP, including (2). Restall’s contradictory formula
(C) is neither an expected nor an actual consequence of this formalization.

4. Results

An important consequence of FBP is that many mathematical terms do
not uniquely refer, despite the fact that they appear, at least in everyday
and in most mathematical talk, to be singular terms. In the case of ‘ℵ1’,
this result is easy for most to swallow. While ‘ℵ1’ may look like a name,
it functions more like a definite description, such as ‘the second transfinite
cardinal’. Different mathematical theories have different cardinals, and
some will have different second transfinite cardinals from others.

The solution I have offered is not the only way to cash out the
referential indeterminacy in the mathematical terms of Restall’s formulas.
Throughout the discussion, I assumed that ‘2’, ‘ℵ0’, and ‘2ℵ0’ uniquely
referred. With these references fixed, I explored the indeterminacy in
‘ℵ1’ and used it to reply to Restall’s objection. However, one could
instead maintain that ‘ℵ1’ uniquely refers and counter the objection by
exploring the indeterminacy in ‘2’, ‘ℵ0’, or ‘2ℵ0’.12 There may be reasons
for preferring referential indeterminacy in ‘ℵ1’ rather than in ‘2’. ‘2’
certainly seems more like a uniquely referring name than ‘ℵ1’ does, but
this fact is probably of only superficial importance.

After adopting a full-blooded theory, one must be careful about the
treatment of mathematical terms, especially as they occur in identity
statements. Consider the predicates ‘is the second transfinite cardinal’,
‘equal to ℵ1’, and ‘= ℵ1’ (the last appears in Restall’s formulas). We saw
above, when interpreting the predicate ‘(Mx & x = 2 & xℵ0 = ℵ1)’, that
expressions like these may appear to refer uniquely when in fact they
do not. However, this lack of unique reference rarely causes problems.
There are many properties that apply to every eligible referent of ‘ℵ1’
(and to any entity of which every property that is an eligible referent
of ‘equal to ℵ1’ holds). All such referents are cardinals, mathematical

11 Balaguer himself does not talk about precisifications, super-truth, or super-falsity.
But he never gets into the nitty gritty referential details, where precisifications become
necessary.

12 In an earlier version of this paper I explained matters in terms of the referential
indeterminacy of ‘2’. Mark Balaguer pointed out to me that taking ‘2’ to be referentially
indeterminate leads to a misleading picture of the situation. I agreed and modified the
paper accordingly. However, the indeterminate ‘2’ response remains available, as do
others.
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entities, and are greater than (all eligible referents of) ℵ0. The conditional
‘x = ℵ1 → x > ℵ0’ is true under all reference assignments, and thus is
super-true. It can be used in any proof without concern for problems
about indeterminate reference. Because of these facts, the lack of unique
reference of mathematical terms like ‘ℵ1’ will rarely matter. Proofs can
be carried out, inferences made, and Leibniz’s Law applied, as long as
the applications apply to all eligible referents of the terms. Only when
some property that is not true of all referents of ‘ℵ1’, or some inference
that does not hold for all referents of ‘ℵ1’, is utilized does trouble
result. Restall’s derivation is such a case. His formula (3) is not true
for all precisifications of ‘ℵ1’. In these circumstances, one must proceed
with care, and adopt some framework for coping with the referential
intricacies. I have suggested supervaluations as a promising method.13

The plethora of entities in the full-blooded platonic realm of mathe-
matics offers a smorgasbord of possible referents. Mathematical theories
will rarely single out a unique referential scheme as priviliged. However,
none of this really creates a problem for the full-blooded platonist. The
full-blooded platonist embraces this type of non-uniqueness.14 Using a
framework of supervaluations, the FBPist can preserve the truth of claims
about ‘the number 2’ or ‘the second transfinite cardinal’. There might be
many ways of assigning reference to mathematical terms (many super-
valuations, if we choose to use that parlance), but all these assignments
will preserve the truth of the mathematical claims we want to uphold.
The real lesson of this paper is that the dizzying array of entities inhab-
iting the full-blooded platonist’s mathematical realm force him to accept
an indeterminacy in the reference of mathematical turns. But this indeter-
minacy in reference is precisely what allows the full-blooded platonist to
embrace the full spectrum of consistent mathematical theories, including
seemingly contradictory claims such as the continuum hypothesis and its
negation.
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